Abstract-In this paper, a phase feedback approach for using nonlinear microelectromechanical (MEM) resonators in oscillator circuits is investigated. Phase feedback makes use of the oscillation phase condition for oscillator circuits and enables fine-tuning of the frequency at which the resonator oscillates by means of setting the phase in the feedback amplifier. The principle of the approach is illustrated for a nonlinear Duffing resonator, which is representative of many types of MEM resonators. Next, the approach is applied to an electrostatically actuated nonlinear clamped-clamped beam MEM resonator, on simulation level. Phase feedback allows for operation of the resonator in its nonlinear regime. The closed-loop technique enables control of both the frequency of oscillation and the output power of the signal. Additionally, optimal operation points for oscillator circuits incorporating a nonlinear resonator can be defined. Application of phase feedback results in more robustness with respect to dynamic pull in than in open-loop case, however, at the cost of a deteriorated phase noise response.
I. INTRODUCTION
M ICROELECTROMECHANICAL (MEM) silicon resonators provide a promising alternative for quartz crystals as accurate timing devices in oscillator circuits for modern data and communication applications [1] , [2] . Major advantages are their compact size, feasibility of integration with IC technology, and low cost. In an oscillator circuit, the resonator acts as a frequency-selective element. Linear behavior of the resonator is often desired, since nonlinearities in the resonator may complicate oscillator behavior and may limit the S/N ratio and phase noise performance. Conventional quartz crystal resonators are not driven into nonlinear regimes, since the rather bulky quartz crystal units can store sufficient energy for oscillation while remaining linear. Therefore, quartz-crystal-based oscillator circuits are, often, limited through amplifier nonlinearities.
MEM resonators inherently can store less energy, due to their smaller size (see [3] ). Therefore, they are often driven into nonlinear regimes at much lower excitation amplitudes than quartz crystals. Operation in nonlinear regimes can be circumvented by using resonator arrays to improve linearity and power handling (see [2] ). However, the use of arrays results in larger device dimensions. Alternatively, bulk mode resonators can be used (see [4] - [7] ) but these may be more susceptible to spurious modes. Furthermore, these bulk resonators vibrate in much stiffer modes (at higher frequencies), contrary to the so-called flexural resonators on which this paper focuses. Electrostatically actuated flexural MEM resonators intrinsically have nonlinearity issues. For instance, the excitation is intrinsically nonlinear (depends on the reciprocal of the square of the gap) and they are easily driven into nonlinear mechanical regimes. Furthermore, operation at low excitation values often results in an unacceptably low S/N ratio. In this paper, which is an extended version of [8] , it is shown that addressing nonlinear regimes of the resonator is not a problem. An approach for using nonlinear flexural MEM resonators in an oscillator circuit is proposed. This so-called phase feedback technique allows for active tuning of the oscillation frequency in a closed-loop sense, by setting the phase in the feedback amplifier. The concept will be illustrated for a nonlinear Duffing resonator. The tuning freedom of the phase feedback approach will be investigated further by means of numerical simulations on a flexural MEM resonator showing characteristic nonlinear behavior. The model for this resonator has been verified experimentally in an earlier work [9] .
The outline of the paper is as follows. First, in Section II, the oscillation conditions for oscillator circuits will be explained.
Next, the open-loop response of a nonlinear Duffing resonator will be explained in Section III. In Section IV, the phase feedback principle will be explained for this nonlinear Duffing resonator. Subsequently, the method will be applied on simulation level to an electrostatically actuated clamped-clamped beam MEM resonator for which the nonlinearities are of Duffingtype. Simulation results will be presented in Section V, and finally, some conclusions will be drawn in Section VI.
II. OSCILLATOR CIRCUITS
An oscillator is a circuit that produces a stable periodic output signal. A schematic representation of an oscillator is depicted in Fig. 1 . Virtually all oscillators may be considered to consist of three essential parts [10] , [11] : an amplifier (or gain circuit); a resonator, which acts as a frequency-selective element; and an amplitude control/limitation mechanism. The amplifier part usually consists of one or more active devices (needing power supply) and the necessary biasing networks. It may also contain other elements for band limiting, impedance matching, and gain control. The amplifier design and, more specifically, its noise performance, determines the oscillator stability performance. In addition, the resonator determines the frequency and stability (in terms of phase noise, for instance) of the generated signal. It can be an LC circuit, a quartz crystal, or an MEM resonator, which is able to vibrate at a specific angular frequency Ω. Next to the resonator, some other parts might be present, like variable capacitors for tuning or frequency trimming.
From Fig. 1 , it can be seen that the output of the resonator is fed back to the amplifier. If this happens with the correct amplitude and phase, sustained oscillations may occur [12] . Suppose the amplifier has a voltage gain A and the resonator has a voltage ratio R. Next, consider for the moment that a signal e exists at the input of the amplifier. The signal appearing at the output terminal of the amplifier will be Ae. When this signal is transferred through the resonator, the "new" amplifier input reads e = RAe. When e has the same angular frequency and phase as e and |e | ≥ |e|, the circuit will oscillate. In general, both A and R will be complex functions of the angular oscillation frequency Ω. By writing their complex gains as R = G R (Ω) exp(jψ R (Ω)) and A = G A (Ω) exp(jψ A (Ω)), the total gain of the oscillator circuit becomes
Here, G R (Ω) and G A (Ω) are the magnitudes of the resonator and amplifier gain, respectively, and ψ R (Ω) and ψ A (Ω) represent the corresponding phase shifts. The requirements for oscillation can now be formulated as follows:
The first condition (2) states that the total phase shift around the oscillator must be an integer multiple of 2π rad. The oscillation frequency is determined by this condition. At this frequency, the second condition (3) states that the magnitude of the amplifier gain must be sufficient to compensate for the resonator losses. In other words, the loop gain must be greater than unity in order for oscillations to build up. As a result, the signal level in the loop will continue to increase until the amplifier gain is reduced, either by nonlinearities in the active elements or by some automatic level-control method. Eventually, in steady state, (3) becomes an equality. When the oscillator is initially turned on, the only signal present in the circuit is ("white" or thermal) electrical noise associated with the components (mainly the active ones) in the circuit. The frequency component of the noise whose frequency satisfies the phase requirement for oscillation is propagated around the loop with increasing amplitude, until the steadystate situation with sustained oscillation is reached. The rate of increase of the signal amplitude depends on the excess gain of the loop.
III. OPEN-LOOP RESPONSE OF THE DUFFING RESONATOR
The small size of MEM resonators requires that they often have to be driven into nonlinear regimes in order to store enough energy. Nonlinear effects include, but are not limited to, geometric nonlinearities due to (relatively) large vibration amplitudes [3] , [13] , electrostatic nonlinearities due to capacitive excitation and detection [3] , and material nonlinearities like higher-order elastic effects [14] . These nonlinear effects may effectively be described by a simplified or lumped model with a Duffing-like structure (see [3] ). Therefore, without loss of generality, the principle of phase feedback will be explained for a Duffing system (which is a classical example of a nonlinear resonator) that shows qualitatively similar nonlinear dynamic behavior to an MEM resonator. The differential equation for the forced Duffing system is given as [13] 
where x denotes some characteristic displacement and parameters m, b, k 1 , and k 3 denote mass, damping, linear stiffness, and cubic stiffness parameters, respectively. Depending on the sign of k 3 , the system has a hardening (k 3 > 0) or softening (k 3 < 0) spring characteristic. The forcing has an amplitude F 0 and an angular excitation frequency Ω. The Duffing oscillator is representative for certain types of MEM resonators, as will be discussed in Section IV-B. By introducing parameters
(4) can be rewritten as
Here, ω 0 is the natural frequency of the linear system (without γ), ξ is the nondimensional damping coefficient, γ is the nonlinearity parameter, and q is the forcing parameter. An approximate solution to the response of the Duffing system to a resonant excitation (Ω ≈ ω 0 ) can be obtained by applying the method of multiple scales, which is a perturbation technique, described in, for instance, [13] and [15] . This method can only be applied to weakly nonlinear systems. Therefore, a small bookkeeping parameter ε 1 will be introduced to indicate that the nonlinearity is weak compared to linear terms. For the case of resonant excitation, as considered here, small excitations lead to large responses, so the excitation and damping terms are scaled as wellẍ
Here, the equation has been arranged such that the left-hand side constitutes a linear undamped system. The method of multiple scales allows for the steady-state solution of (7) to be written as [13] where a is given by the solution to the so-called frequency response equation
and the phase ψ results from
As mentioned before, parameter ε in (7) and (8) is a small bookkeeping parameter, which serves to indicate the order of approximation. Parameter σ in (9) and (10) is the frequency detuning parameter σ = Ω − ω 0 . Furthermore, local asymptotic stability of solutions (a, ψ) holds if [13] σ − 3γ 8ω 0 a
By using (9)- (11), amplitude-frequency curves and phasefrequency curves can be approximated based on the fundamental harmonic term in (8) (ε = 0). These curves are nonlinear equivalents to the magnitude and phase curves of the Bode diagram. They are depicted in Fig. 2 for the specific parameter values
, the system will show softening. Stability of the periodic solutions has been determined by (11) and is also indicated. Fig. 2 (a) contains the amplitude-frequency curve, which depicts the normalized amplitude (a/a max , where a max is the value at the peak) of oscillation versus normalized frequency Ω/ω 0 . In practice, jumps will be observed in the steady-state nonlinear dynamic behavior of the resonator when one sweeps up and down through the fundamental resonance region. These jumps are also indicated in Fig. 2 by the arrows. This effect is also known as frequency hysteresis. The right part shows the corresponding phase-frequency curve. Recall that both curves are based on the assumption that the system response (8) may be approximated by a linear response [only the first harmonic term in (8) ]. Otherwise, the term phase has no meaning for nonlinear systems. For the relatively large value of the nonlinearity used here (γ = −5 m −2 · s −2 ), this may be only a very crude approximation, since the Duffing resonator may no longer be considered as a weakly nonlinear system.
For the approximation, given in (8), the phase can be calculated from (10). In Fig. 2(b) , it can be seen that the phase changes by π rad over the resonance peak, similar to the phase change in a linear system. Finally, note from Fig. 2 that both the amplitude a and the phase ψ are not single-valued functions of the excitation frequency.
IV. PHASE FEEDBACK

A. Principle of Phase Feedback
In order to cope with resonator nonlinearities in an oscillator environment, a technique, described in [16] and [17] , can be applied. This will be called phase feedback. Consider the phase-frequency curve in Fig. 2(b) again. Although the phase is not a single-valued function of the excitation frequency, this is the case the other way around. In other words, the frequency is a single valued function of the phase, i.e., Ω/ω 0 = f (ψ). This is depicted in Fig. 3(a) , in which the usable range for the phase is ψ ∈ [0, π]. Here, displacement x of (6) is used as the output of the resonator (see Fig. 1 ), which is fed into the amplifier. Depending on what quantity of the system is used for feedback, the usable range may change. The concept of phase feedback is suitable for oscillator applications, since the resonator and amplifier together have to satisfy gain and phase requirements (2)-(3). As a result, the frequency at which the resonator oscillates can be actively controlled by setting the amplifier part of the oscillator circuit to a suitable phase condition. For instance, the resonator can be forced to oscillate at a frequency of Ω/ω 0 ≈ 0.96 with a phase of ψ = ψ R = 2 rad [see Fig. 3(a) ], by setting the amplifier phase to ψ A = 2π − ψ R [see (2) ]. In this way, the closed-loop behavior of the system tunes the resonator to oscillate at a high-amplitude solution [at the peak in the openloop response in Fig. 2(a) ]. The amplitude-phase curve for the Duffing resonator is depicted in Fig. 3(b) .
It will become clear in Section V that, with phase feedback, the oscillator can even operate on the unstable part of the curve of a nonlinear MEM resonator. Namely, unstable regions in the open-loop response (see Fig. 2 ) are stabilized using phase feedback. Moreover, a resonator phase near ψ = π/2 rad not only results in high-amplitude resonator oscillations, but also in small sensitivity of the oscillation frequency to changes in phase. Namely, the frequency Ω/ω 0 is not very sensitive for changes in ψ, since the frequency-phase function is (almost) horizontal in the region around ψ = π/2 rad (see Fig. 3 ). The method described earlier has been used in a recently developed sensitive magnetometer, described in [18] .
Two remarks can be made with respect to the technique of phase feedback. First, the proposed technique may seem to show similarities with a phase-locked loop (PLL), which can also be used for generating stable frequencies (see, for instance, [19] ). However, phase feedback is substantially different. PLLs consist of a feedback circuit in which the phase and frequency difference between the output and a reference signal are translated into a control signal. This signal is fed into a voltage-controlled oscillator (VCO) that "locks" the output again to the reference signal. The main difference between PLLs and the proposed phase feedback approach is that in PLLs, a reference signal (frequency) is present to which the output should be locked. Deviations from this reference signal result in control effort that controls the output to its "locked" state. For phase feedback, no reference is present, since the output frequency of the circuit can be determined by setting the phase of amplifier. Therefore, no control effort is needed, other than that of setting the phase in the amplifier once. By setting the amplifier phase, the resonator will act as a bandpass filter that allows only the signals that satisfy the oscillator phase condition [see (2) ] to pass.
Second, the proposed phase feedback technique is not a nonlinearity cancellation technique (see, e.g., [20] ). Cancellation of the nonlinearity of the resonator is not necessary for the principle to be applied. As will be shown in Section V-B, phase feedback will cause both the frequency and the amplitude to be single-valued functions of phase ψ for the nonlinear MEM resonator considered.
B. Application to an MEM Resonator
The phase feedback approach, described in the previous section, will be applied to a clamped-clamped beam MEM resonator. The resonator under investigation consists of a singlecrystal silicon beam (ρ = 2330 kg/m
3 ) with a length of 44 µm, a width of 4 µm, and a thickness of 1.4 µm. The model for the resonator has a Duffing-like structure (see also [3] ), and is able to describe measured nonlinear dynamical behavior rather well [9] . A schematic representation of the clamped-clamped beam resonator is depicted in Fig. 4 . Its characteristic vibration shape is depicted as a dashed line. Due to the lateral vibrations of the beam, the resonator is called a flexural resonator. The actuation of the resonator is realized by means of a dc (V dc ) and an ac (V ac ) voltage component, which are applied to the electrodes of the resonator by means of bias tees (see Fig. 4 ). Note that the dc voltage V dc is applied to both electrodes of the beam, whereas the ac voltage is applied to a single electrode. A lumped single-DOF model describing the dynamics of the MEM resonator is [9] 
where m, b, and k(x) are the lumped mass, damping, and nonlinear stiffness of the system, respectively. Since the beam is excited over the total beam length (see Fig. 4 ), x is some characteristic displacement measure for the beam, vibrating in the first mode. Furthermore,ẋ andẍ denote the first and second time derivative of x, respectively. The electrostatic force F e (x, t) is given by
where C 0 is the capacitance over the gap when x = 0 and d 0 is the corresponding initial gap width of both gaps. Although the beam vibration shape is continuous, the lumped description (12) has been found adequate for capturing the dynamic behavior of the MEM resonator (see [9] ). V 1 and V 2 denote the applied voltages on the electrodes and are written as
where V dc is the so-called bias voltage, and V ac and f = Ω/(2π) are the amplitude and frequency of the ac voltage, respectively. From (13) and (14), it becomes clear that the resonator is subject to parametric excitation with frequency f and 2f . A similar clamped-clamped beam resonator, subject to purely harmonic parametric excitation (only with frequency f ) has been described in [21] . The nonlinear stiffness function, including terms up to fourth order, is written as [9] k(
where k 1 is the stiffness parameter in the linear part of the spring force and k 2 , k 3 , k 4 , and k 5 denote the stiffness parameters in the nonlinear part of the spring force. Inclusion of stiffness terms up to fourth order has been found sufficient for accurately describing the nonlinear mechanical forces up to the pull-in limit (see [9] ). The linear natural frequency of the clamped-clamped beam resonator equals f 0 = ω 0 /(2π) = 1/(2π) k 1 /m. Due to electrostatic actuation, this frequency will change slightly to f 0,e = 1/(2π) k 1,e /m, where stiffness k 1,e equals k 1 offset by a V 2 dc -term:
(see [9] ). The output of the resonator is measured on the electrode without the ac excitation (see Fig. 4 ). The output current i out results from capacitive detection of the resonator motion. A dcbiased time-varying capacitance is formed between the beam and the output electrode and results in a current i out , which is given by the time derivative of the charge q res of this capacitor
From this equation, it can be seen that the output current is roughly proportional to minus the velocity of the resonator: i out ∝ −ẋ. Since the output i out of the MEM resonator will be used for phase feedback, the usable range for the resonator phase ψ R will change from ψ R ∈ [0, π] (see the Duffing resonator in Section IV-A) to ψ R ∈ [π/2, 3π/2]. This will be shown in Section V-B.
In practice, the current i out can be sensed and converted into a voltage by using a transimpedance amplifier. In that case, the amplifier output voltage will be used for feedback purposes.
In order to be able to perform closed-loop simulations with phase feedback, an oscillator circuit model including the nonlinear MEM resonator has been implemented numerically in MATLAB /Simulink. 1 The schematic structure is depicted in Fig. 5 . The MEM resonator block contains a SIMULINK block diagram implementation of (12)- (16) .
The oscillator circuit consists of the MEM resonator and an amplifier. The resonator is driven by a bias voltage V dc and an input voltage V in = V ac on the resonator ac input. The oscillator is self-starting due to (thermal) noise (see Section II). The resonator output, current i out , is amplified and fed back into the resonator. The input to the MEM resonator is limited in amplitude by a saturation function. Otherwise, the oscillation 1 The Mathworks, Inc., Natick, MA. amplitude might grow till the resonator shows dynamic pull-in. The oscillator circuit has to satisfy the two conditions (2)-(3) in order for oscillations to occur. Therefore, the amplifier gain A = G A (Ω) exp(jψ A (Ω)) has been implemented as a gain and a phase shift. In the block diagram (Fig. 5) , this is implemented by means of a gain and a transport delay with a delay time of ∆t A = ψ A /(2πf 0,e ), where ψ A denotes the required amplifier phase. The simulation procedure consists of solving an initial value problem in MATLAB/Simulink using a fixed time-step solver. Simulation results for phase feedback with the MEM resonator will be presented in the next section.
V. RESULTS
A. Open-Loop Response of the MEM Resonator
For the results listed in this section, the set of parameter values listed in Table I has been used (see [9] ).
The value of V ac should be interpreted as the saturation level in the saturation block in Fig. 5 . From these parameter values, the fundamental frequency can be calculated: f 0 = 12.945 MHz (f 0,e = 12.873 MHz). Furthermore, the amplitude-frequency curve for this parameter set has been calculated numerically using AUTO [22] and is depicted in Fig. 6 . The maximum displacement x max is plotted versus the excitation frequency f = Ω/(2π) in Fig. 6(a) . The circles indicate turning points in the curves. Typical vibration amplitudes are of the order of several tens of nanometers. The response is similar to that of the Duffing resonator presented earlier [see Fig. 2(a) ]. In an oscillator setting, the output current i out is available, rather than the resonator displacement. The current, which is roughly proportional to −ẋ [see (16) ], shows an amplitude-frequency curve [see Fig. 6(b) ], which is similar to that of the displacement x max .
B. Oscillator Response Using Phase Feedback
The effect of phase feedback on the resonator output is investigated by means of numerical simulations with the block diagram depicted in Fig. 5 . A typical result is shown in Fig. 7 , where the resonator output currents i out without and with phase feedback are shown. In the case without feedback, Fig. 7(a) , the resonator is driven by noise only. Therefore, the resonator output to this noisy excitation is its bandpass filtered response, which will not reach a periodic solution. For feedback, the amplifier gain is chosen such that oscillations will swing up. For Sections V-B and V-C, a gain value of G A = 10 7 V/A is applied. More details on the influence of the gain will follow in Section V-D.
The amplifier phase is set to ψ A = 2π − π rad to force the resonator to operate at ψ R = π rad. From Fig. 7(b) , it can be seen that it takes some time before the resonator reaches its steady state. The time to reach steady state depends on the excess gain in the feedback loop [see (3)]. No additional dissipation mechanism is added by phase feedback. The steadystate amplitude that the periodic solution attains depends on the amplifier gain G A and the dissipation in the resonator, which influences G R . Once the oscillator gain condition (3) becomes an equality, the amplitude stops growing. The Q-factor of the system is a measure for the dissipation in the resonator and equals Q = 1/(2ξ) = k 1,e m/b = 6.8 × 10 3 , which is not extremely high. With the electrode gaps listed in Table I , the Qfactor would translate to a very large motional resistance value of R m = 2 MΩ in an electrical equivalent circuit representation (see [9] ). The motional resistance is found to result in significant contribution of thermal noise in the open-loop response in [9] . In closed-loop, this effect will not be seen, because phase feedback filters the noise according to the oscillation phase condition (2) .
In steady state, the oscillator output is periodic. The autopower spectra of the output signals with and without phase feedback have been calculated and are depicted in Fig. 8 . In the feedback case, a resonator phase of ψ R = π rad is used.
Here, the resonator output i out is used as the oscillator output in order to compare the situation with and without feedback. In practice, however, the amplifier output voltage is used (see Fig. 1 ). From Fig. 8 , it can be seen that the output of the circuit with phase feedback has a much higher spectral purity compared to the case without phase feedback.
Furthermore, it can be seen that the fundamental frequency in the feedback case is slightly lower than in the case without feedback. This is the result of the phase dependence of the oscillation frequency (see Fig. 3 ), where a functional relation between frequency and phase exists. In order to investigate this behavior, a simulation study has been performed in which the requested phase ψ R of the resonator is varied between π/2 and 3π/2 rad, which is the usable range for ψ R for current (i out ) feedback (see also Section IV-B). For values of ψ R ∈ [0, π/2] and ψ R ∈ [3π/2, 2π] rad, no sustained oscillations have been observed. For each phase ψ R ∈ [π/2, 3π/2], and consequently, for each amplifier phase ψ A = 2π − ψ R , the fundamental frequency in the output is determined. The frequency-phase curve is depicted in Fig. 9(a) . This figure is similar in shape to Fig. 3(a) , with the difference that Fig. 9 (a) depicts closed-loop results. Note that the local minimum of the analytical curve for the Duffing system in Fig. 3 is present at ψ R = π/2 rad, whereas in Fig. 9(a) , the local minimum for the MEM resonator is present at ψ R = π rad. The difference in phase for this minimum can be related to the fact that the response of the Duffing equation is in terms of the position x, whereas the resonator output i out in the oscillator circuit is roughly proportional to −ẋ [see (16) ]. The region to the left of the minimum [i.e., the range ψ R ∈ [2, π] rad in Fig. 9(a) ] would correspond to the unstable part of the open-loop frequency-phase curve, similar to Fig. 3(a) . However, in case of phase feedback, no unstable part exists on the left of the minimum. Closed-loop phase feedback stabilizes the oscillation at the open-loop unstable part of the response. Furthermore, since the oscillation frequency changes with the phase, the amplifier phase provides a means for fine-tuning the oscillation frequency.
For oscillator applications, a large S/N ratio in the circuit output is desired. Required for this is a high output power and low noise. Output power is a measure of the desired fundamental frequency content. For each phase ψ R , the power at the fundamental oscillation frequency is calculated from the resonator output and is depicted in Fig. 9(b) . This response is similar in shape to the open-loop amplitude-phase curve depicted in Fig. 3(b) . However, Fig. 9(b) shows a jittery shape, which is caused by the finite frequency resolution in the simulations. In Fig. 9(b) , it can be seen that highest power is available at a feedback phase of about ψ R = π rad, which can be explained as follows. In general, the most effective excitation for a system is proportional to the system velocity. A phase shift of π rad of the output signal i out (which is proportional to −ẋ) will result in a signal proportional toẋ that is fed back into the resonator.
Summarizing the results of this simulation study, the optimal operation point for the MEM-resonator-based oscillator circuit has been determined to be at a feedback phase of ψ R = π rad. Here, the response is at the maximum of the output current power-phase curve [ Fig. 9(b) ] and at the local minimum of the frequency-phase curve [ Fig. 9(a) ], both of which are very beneficial. Namely, high power results in a good fundamental harmonic signal component and in less amplifier effort needed for sustaining vibrations. The local minimum in the frequencyphase curve results in little changes in frequency for changes in phase. Additionally, since the amplifier phase ψ A sets the resonator phase ψ R , the amplifier phase can be used for finetuning the oscillation frequency of the oscillator through the frequency-phase curve in Fig. 9(a) . The concept limits are still a topic of further research.
To conclude this section, a phase noise plot has been calculated from Fig. 8 . This plot is depicted in Fig. 10 (solid line) , where the phase noise L(∆f ) is expressed in decibels below the carrier per hertz. It can be seen that the narrow peak in Fig. 8 results in a good phase noise response. For reference, Fig. 10 can be compared with recently reported experimental results in [7] for a clamped-clamped beam resonator with a slightly lower nominal frequency (9.34 MHz), for which an approximate curve is depicted as a dashed line in Fig. 10 . From this comparison, it follows that the results from the approach described in this paper are quite promising, since this results in low phase noise.
C. Influence of Saturation Level
Next, it is investigated what influence the saturation level in the saturation block (see Fig. 5 ) has on the spectral content of the output signal. For this purpose, the saturation level in the saturation block has been varied between 20 and 260 mV in steps of 40 mV. First, however, the open-loop situation is investigated. Under harmonic excitation, amplitude-frequency plots of the resonator have been calculated for the various V ac values using AUTO [22] . Results, in terms of output current, are depicted in Fig. 11 . From the figure, it can be seen that the resonator response changes from almost linear (no hysteresis) to strongly nonlinear (hysteresis) for increasing V ac . By using these V ac values as the saturation limits in the oscillator circuit (Fig. 5) , the transition from almost linear to nonlinear can be investigated in the closed-loop simulations. Furthermore, by varying the resonator phase (by means of setting the amplifier phase) in the usable range ψ R ∈ [π/2, 3π/2] rad, frequencyphase curves for the closed-loop system can be calculated for the fundamental oscillation frequency. These are depicted in Fig. 12(a) . Similar to the amplitude-frequency responses of the resonator itself (see Fig. 11 ), the frequency-phase curves can be seen to become increasingly nonlinear for higher V ac values. Only the V ac = 20 mV simulation is (almost) linear. This value corresponds to the upper curve in Fig. 12(a) , which is monotonically increasing for increasing phase. Therefore, for linear resonators, there is almost no tuning freedom for the frequency of oscillation by setting the resonator phase ψ R . Furthermore, the minimum in the frequency-phase curve becomes wider with increasing V ac and even two (local) minima appear for V ac = 260 mV. This is related to the increasing amount of nonlinearity in the system for larger amplitudes [term k 5 in (15)]. A wider minimum indicates a smaller sensitivity of the oscillation frequency for the amplifier phase. Consequently, the tolerances on the phase-setting part of the feedback amplifier have to be less strict.
Furthermore, the power at the fundamental oscillation frequency for the two cases considered is depicted in Fig. 12(b) for varying V ac . As expected, higher saturation levels result in higher output power. Furthermore, for all V ac values, the maximum power is located at a resonator phase around ψ R = π rad. This means that the optimal operation point in terms of frequency sensitivity for phase corresponds with the highest output power.
From Fig. 12 , it becomes clear that the two control parameters, being amplifier phase ψ A (ψ R , indirectly) and saturation value V ac , provide a means for (fine-)tuning the frequency of oscillation as well as the output power of the oscillator. This demonstrates that phase feedback is a powerful concept for nonlinear MEM resonators.
To conclude this section, the spectral content in the oscillator output i out has been investigated for a resonator phase of ψ R = π rad. Results are depicted in Fig. 13(a) . As already stated and as can be seen from Fig. 13(a) , an increasing saturation value results in a lower oscillation frequency and a higher signal power. The oscillation frequency dependence on V ac is depicted in Fig. 13(b) .
D. Influence of Amplifier Gain
Furthermore, the influence of the gain in the feedback amplifier has been investigated. The input to the amplifier is a current (i out ) and its output is a voltage, the V ac input of the resonator. Therefore, the gain has a unit of volt per ampere.
By varying the gain in the feedback simulations, a threshold value for the gain has been determined: G A = 10 6 V/A. Below this value, oscillations will not swing up. This high gain value results from the high motional resistance R m of the resonator (see Section V-B). In order to generate this amount of gain, a multistage amplifier will be needed. From a design perspective, another option would be to create resonators with much lower motional resistance values, by using larger electrode areas (thicker resonators) and smaller gaps.
E. Response Up to Dynamic Pull-in
It is known from literature that MEM resonators may exhibit dynamic pull-in [23] under electrostatic forcing. Under resonance, the displacement amplitude of the MEM beam may become large enough (x close to ±d 0 ) for the electrostatic forcing F e (x, t) (13) to cause a collapse of the beam to one of the electrodes. For the open-loop response of the MEM resonator, amplitude-frequency curves for two different V ac values (500 and 635 mV) are depicted in Fig. 14 . Note that these are significantly higher V ac values than used so far (see Fig. 11 ). The inset in Fig. 14 shows a zoom around the resonance frequency in which the upper turning point for V ac = 500 mV is indicated. Dynamic pull-in has been found to occur at an ac excitation value of V ac = 635 mV, which is indicated by the upper curve, labeled "dynamic pull-in."
Phase feedback simulations have been performed for the same two V ac values as in the open-loop case. An amplifier phase of ψ A = π rad has been used. Simulation results are shown in Fig. 15 , where the spectral content is depicted. For V ac = 635 mV, no dynamic pull-in is observed. It can be seen that, although the resonator does not exhibit dynamic pull-in in closed-loop, the spectral content deteriorates and shows sidebands compared to the results in Fig. 13(a) . This results in sidebands in the phase noise response, which is not desired.
To conclude the analysis on dynamic pull-in, V ac is increased to find the value at which the closed-loop system exhibits dynamic pull-in. This occurs at V ac = 2.3 V, which is 3.6 times higher than the open-loop dynamic pull-in voltage. The time history of i out for pull-in is shown in Fig. 16 .
Summarizing, it can be concluded that phase feedback renders the system more robust with respect to dynamic pull-in than the open-loop case, since this occurs at higher voltages than in openloop. However, with respect to the phase noise response, it is recommended to stay safely away from the open-loop pull-in excitation value. 
VI. CONCLUSION
The principle of phase feedback has been investigated for an oscillator circuit containing a nonlinear electrostatically actuated clamped-clamped beam MEM resonator. The proposed approach is generally applicable to MEM resonators whose dynamics can be described by a lumped Duffing-like model. By means of an extensive simulation study, it has been shown that phase feedback is a powerful technique that allows for using such a nonlinear resonator in an oscillator circuit. Frequencyphase curves and power-phase curves are useful for selecting optimal operation points for the phase feedback in oscillator circuits. For the nonlinear clamped-clamped beam resonator with capacitive excitation and detection, an optimal feedback phase has been determined as ψ R = π rad. Furthermore, the influence of the saturation level and the gain in the circuit has been investigated. Additionally the closed-loop system has been found to be more robust with respect to dynamic pull-in than the openloop system. However, the phase noise response deteriorates for large saturation values V ac . For the proposed phase feedback approach, the control parameters amplifier phase ψ A and saturation value V ac provide a means for (fine-)tuning the frequency of oscillation as well as the output power of the oscillator.
Based on the interesting and promising simulation results, it is recommended to experimentally investigate the described approach, in order to further validate and understand the phase feedback concept and its limitations. Furthermore, possible oscillator noise aliasing effects stemming from nonlinearities in the resonator (see [24] ) should be investigated.
